. As a consequence, we show that in both spaces, there is no additional set of a fundamentally different structure than those of the known instances.
I. INTRODUCTION
A PURE quantum state of a bipartite system is said to be entangled if it is not a product state, i.e., it cannot be represented as , for some state and of the system and , respectively. An entangled quantum state may generate measurement statistics that are inherently different from those generated by a classical process [1] , [2] . This feature of entanglement is referred to as the nonlocality of quantum states. Dual to the notion of state nonlocality is the nonlocality of quantum operations. A natural definition of a local quantum operation on a multipartite quantum system is that of local operations and classical communication (LOCC) protocols, in which each party may apply to his system arbitrary quantum operations, while the interpartite communication must be classical. It follows from the definition that if a quantum operation can be implemented by LOCC, it cannot create quantum entanglement. However, the reverse is false. That is, there exist quantum operations that cannot create entanglement and cannot be implemented by LOCC. This surprising fact was discovered by Bennett et al. [3] and was formulated as a problem of reliably distinguishing quantum states. A set of state is said to be reliably distinguishable by a quantum operation if on each , outputs with probability 1. The authors of [3] identified an orthonormal basis for , illustrated in Fig. 1 , that cannot be reliably distinguished by LOCC. The important feature of the basis is that each base vector is a product state, thus the distinguishing operator cannot create entanglement. The above property of nonlocal operations not necessarily creating entanglement is referred to as "nonlocality without entanglement," and has been studied by many authors subsequently [3] - [21] . Formally, an orthogonal product set (OPS) is a set of multipartite product states that are pairwise orthogonal. An OPS that forms a basis is also called an orthogonal product basis (OPB). Much effort has been devoted to searching for additional LOCC-indistinguishable OPSs. Besides , Bennett et al. [3] also showed that is not LOCC-distinguishable, either. All other known LOCC-indistinguishable OPSs belong to the following two classes.
Definition 1 [4] : An unextendable product basis (UPB) is an OPS that is neither a complete basis nor a proper subset of any other OPS.
If is an OPS in a multipartite Hilbert space , then for each , , denote by such that Definition 2 [11] : An OPS in is irreducible if none of the set , , can be partitioned into two nonempty orthogonal subsets.
Theorem 3 [4] , [5] , [11] : The following OPSs are LOCCindistinguishable:
1) an irreducible OPB [11] ; 2) a UPB [4] , [5] . A problem broader than characterizing all LOCC-indistinguishable OPSs is to characterize all LOCC-indistinguishable set of orthogonal states. When the set forms a basis, Horodecki et al. [22] showed that the two problems coincide-an LOCCdistinguishable orthogonal basis must be a product basis-thus the answer is well understood. The problem remains open when the set does not form a basis, even for the simple spaces and considered in this paper. The method of Ghosh et al. [6] and Horodecki et al. [22] proves a set being LOCC-indistinguishable by embedding the states in a larger state in a larger space, so that an LOCC protocol distinguishing the states will create or increase certain bipartite entanglement, a contradiction. While this "entanglement violation" method is effective in identifying some indistinguishable sets, it cannot be used to identify all such sets, as implied by a recent result by Gheorghiu and Griffiths [23] that any bipartite separable operator transforming a pure state into an ensemble of pure states can be simulated by an LOCC protocol. In particular, the entanglement violation method fails on product states, which can be distinguished by a separable operator. Against this backdrop, it appeared particularly challenging to identify new LOCC-indistinguishable OPSs, as it might require new techniques. Our results can be interpreted as a reduction, showing that in fact, for the spaces considered, there is no additional set of a fundamentally different structure than those already discovered.
We introduce some notions for the rest of the paper. , and .
For the cases of and , we adopt the conventional notations of rectangle (rectangular decomposition, rectangular representation) and cube (cubic decomposition, cubic representation), respectively. Fig. 1 illustrates a rectangular decomposition for , which is referred to as . We use the labeling scheme in the figure for its elements.
It can be verified by direct inspection from Fig. 1 that has a rectangular representation of which the rectangular decomposition is and the unitary transformations are either identity operators or Hadamard. The following lemma shows that all irreducible (thus LOCC-indistinguishable) OPBs in space indeed share such a rectangular representation with . Define the following unitaries as the identity operator on the corresponding dimension space: , , ,
This completes the construction of . By direct inspection, is a rectangular representation of .
From the proof of this theorem, we indeed obtain an even stronger result: an OPB in space is irreducible if and only if it has a rectangular representation , where , , and
We now turn to the space . Let , where be a cubic decomposition of , which is illustrated by Fig. 2 . This is exactly the "dumbbells" Bennett et al. [3] used to illustrate their LOCC-indistinguishable states in . In the following, we characterize all irreducible (thus LOCC-indistinguishable) OPBs in space by showing that they must have a cubic representation using . First, let us prove a lemma. Proof: We denote the states in by using the labeling scheme in Fig. 1 . Without loss of generality, assume that is the only state in missing in
. By direct inspection, the following LOCC protocol identifies an unknown input state from . Bob starts the protocol by measuring If the measurement outcome corresponds to the first operator, Alice measures concluding that the input state is , , or accordingly. In the other case, the protocol continues using a similar strategy.
We also know the following useful facts.
Proposition 11 [5] : An OPS in is LOCC-distinguishable if .
Proposition 12 [4] , [5] : Any UPB in must have exactly five elements.
We are now ready to completely characterize all LOCC-indistinguishable OPSs in space, which is the main result of this section.
Theorem 13 (Main Theorem of Section III): An OPS in is LOCC-indistinguishable if and only if it belongs to one of the three classes 1), 2), and 3).
Proof: Since the "if" direction is precisely the combination of Theorem 3 and Lemma 9, we need only to prove the "only if" direction. Suppose there exists an LOCC-indistinguishable OPS in not belonging to any of 1), 2), and 3). Then, by Proposition 11 and the corollary of Theorem 4, we have . Furthermore, from Proposition 12, is extensible to an OPB . Since must be LOCC-indistinguishable (and thus irreducible), it has a rectangular representation using , by Theorem 6. Since does not belong to class 3), there exists a state in not contained in the rectangle . Thus, is LOCC-distinguishable, by Lemma 10, so must be since , which is a contradiction. Thus, any LOCC-indistinguishable OPS must belong to 1), 2), or 3).
Combining the above results, an LOCC-indistinguishable OPS in must have precisely five, eight, or nine elements, each of which corresponds to classes 2), 3), and 1), respectively. Whether an OPS is irreducible can be checked from the pairwise inner products of the state components. The same information can be used to determine if an OPS is an UPB in [4] , [5] . Therefore, whether an OPS belongs to 1), 2), or 3) can be determined computationally.
To conclude this section, we recall that DiVincenzo et al. [5] has presented an exhaustive characterization of UPBs in space by a six-parameter family. This fact, together with the remark behind Theorem 6 and the results we obtained in this section, gives us a direct way to write out all LOCC-indistinguishable sets in .
IV. CHARACTERIZATION OF LOCALLY INDISTINGUISHABLE OPS IN
This section is devoted to a complete characterization of LOCC-indistinguishable OPS in space. Known facts parallel to Propositions 11 and 12 in Section III are as follows.
Proposition 14 [5] : An OPS in space is LOCC-distinguishable if .
Proposition 15 [24] : Any UPB in has exactly four elements.
We can also prove the following result similar to Lemmas 9 and 10 of Section III. In what follows, we completely characterize all LOCC-indistinguishable OPSs in space.
Theorem 17 (Main Theorem of Section IV):
An OPS in is LOCC-indistinguishable if and only if it belongs to one of the three classes 1), 2), and 3').
Proof: The "if" part is precisely the combination of Theorem 3 and Lemma 16. For the "only if" part, suppose there exists an LOCC-indistinguishable OPS in not belonging to any of 1), 2), and 3'). Then, by Proposition 14 and the corollary of Theorem 4, we have . Furthermore, from Proposition 15, can be extended to an OPB . Since must be LOCC-indistinguishable (and thus irreducible), it has a cubic representation using , by Theorem 8. Since does not belong to class 3'), there exists a state in not contained in either or . Thus, is LOCC-distinguishable, by Lemma 16, and so must be since , which is a contradiction.
Combining Proposition 15 and Theorem 17, an LOCC-indistinguishable OPS in the space must have precisely four, six, seven, or eight elements. Similar to the argument presented in Section III, whether an OPS in is LOCC-indistinguishable can be determined computationally, and furthermore, all LOCC-indistinguishable OPSs in can be generated explicitly, by employing the complete characterization of UPBs in presented by Bravyi [24] .
V. CONCLUSION
We present in this paper a complete and computationally verifiable characterization of all LOCC-indistinguishable OPSs in both and spaces. Our result can be interpreted as an indication that LOCC protocols are quite powerful. Along this line, Walgate et al. [15] proved that LOCC is sufficient to reliably distinguish two multipartite orthogonal pure states, even when they are entangled. When the two states are not orthogonal, LOCC protocols can reach the global optimality in either conclusive discrimination [16] or inconclusive but unambiguous discrimination [17] . Therefore, perhaps the whole class of LOCC-indistinguishable OPSs has much simpler structure than one may fear.
Our method can also be used to give an alternative proof for the fact that there is no LOCC-indistinguishable OPSs in spaces observed in [3] . It remains an open problem to extend our result to the complete collection of LOCC-indistinguishable OPSs in spaces of arbitrary dimensions. To this end, it may be difficult to extend our technique as the hyperrectangular representation theorems (Theorems 6 and 8) are not true for all dimensions. For example, for any , and , one can show that the following OPB in the dimensional space does not have a rectangular representation:
One may generalize the notion of hyperrectangular representations through a recursive definition. Unfortunately, there also exist OPBs that do not admit such a generalized hyperrectangular representation. We note that an even more general concept is that of unwindability, defined by DiVincenzo and Terhal [25] . Therefore, a deeper understanding of unwindable OPSs may lead to a better understanding of LOCC-indistinguishable OPSs in higher dimensions.
There are multipartite operations other than those distinguishing OPSs that cannot be realized by LOCC. Even in the simplest case of space, separable operations which are LOCC nonimplementable can be easily constructed [26] . Furthermore, while separable operation can be simulated by LOCC when transforming a pure state into an ensemble of pure states [27] , the former is strictly more powerful than the latter when transforming a mixed state into a pure entangled state, as shown in [28] . Thus, it remains an open problem to characterize all such operators that cannot be realized by LOCC, even in the simple spaces considered in this paper.
We observe that if an OPB has a hyperrectangular representation , then there is a simple LOCC protocol to identify an unknown state given two copies of it: the first copy is projected to the bases so that the hyperrectangle containing the state is identified, then the second copy is measured in the product basis of the subspace . Given an OPS, determining the number of copies of an unknown state necessary to admit an LOCC distinguishing protocol is an interesting generalization of determining if it is LOCC-distinguishable.
Another interesting generalization is to determine the optimal probability of identifying an unknown state from a given OPS by LOCC. It remains possible that an operator cannot be realized by LOCC yet may be approximated to an arbitrary precision. Identifying such an operator or proving that none exists is a fascinating open problem. 
